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Generation of Simplified Spacecraft Mathematical Models
with Equivalent Dynamic Characteristics

C. Stavrinidis* and A. Newerla1^
European Space Research and Technology Centre, 2200 AG Noordwijk, The Netherlands

Equivalent spacecraft dynamic systems consisting of a number of single-degree-of-freedom models are described
in the literature for one- and two-dimensional spacecraft dynamic models. In this paper a methodology is pre-
sented to generate simplified three-dimensional spacecraft dynamic models of complex spacecraft. The proposed
methodology was employed for a preliminary coupled analysis of the CLUSTER spacecraft stack configuration.
The simplified dynamic model produces equivalent dynamic response in terms of launcher spacecraft interface
transient dynamic loads. The quality of the simplified dynamic representation is considered particularly useful for
updating spacecraft design loads defined in launcher user manuals.

Nomenclature
/ = frequency
f ( t ) = generalized force vector at structure base
/ = mass moment of inertia
K = stiffness matrix
L = matrix of modal participation factors
/ = position of modal center of gravity
M = mass matrix
m = mass term
N = number of structural degrees of freedom
n = number of single-degree-of-freedom (SDOF) models

in the equivalent spring-mass system
P = first moment of mass
q = vector of structural degrees of freedom
S = static moment
v = position vector of mass center of gravity
5,77 = generalized coordinates associated with the rigid-body

vectors and the elastic eigenvectors, respectively
3>£ = matrix of elastic eigenvectors
3>R - matrix of rigid-body vectors (six vectors)

Superscripts

r = reference point for rigid-body vectors
T - transposed matrix

Subscripts

CoG = mass center of gravity
c = term resulting from eigenmode combination
E = elastic modes
eff = modal effective term
/ = internal degrees of freedom, summation index
R = rigid-body modes
r = interface degrees of freedom, rigid-body property
res = residual inertia property
5, t - arbitrary coordinate directions
;c, y, z = spatial coordinates

Introduction

IN order to effectively design spacecraft structures with low
mass it is essential to define representative design loads. For
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the initial design of spacecraft structures the flight limit loads
defined in the Launcher User Manual are employed with safety
factors to determine the yield and ultimate strength. The loads de-
fined in the Launcher User Manual are quasistatic accelerations
applicable to the spacecraft center of gravity and are not ade-
quate for the definition of dynamic responses in the spacecraft,
e.g., on platform experiment mounts, antenna dishes, and flexible
booms.

The structural response due to the excitation of the coupled
launch-vehicle and spacecraft system can be obtained from a
coupled-dynamic-loads analysis involving mathematical models of
the launcher and the spacecraft. Figure 1 outlines the common prac-
tice in spacecraft design and indicates the position of the coupled
analysis in the design process. In the coupled analysis the dynamic
interaction of launcher and spacecraft is evaluated considering the
transient nature of the loads. The dynamic loads acting on the space-
craft structure are dependent on the flight event; e.g., in the case of
a coupled analysis with the ARIANE launcher three relevant load
cases are included:

1) Longitudinal load cases:
First-stage cutoff (EOF1)
Second-stage cutoff (EOF2)

2) Lateral load case:
maximum dynamic pressure (MDP)

Highly accurate coupled analysis results can be computed with
a large three-dimensional (3D) spacecraft model in the composite
model of launcher and spacecraft. However, the dynamic charac-
teristics of a structure with an excitation at the base can be suffi-
ciently represented by effective modal characteristics employing a
limited number of spacecraft normal modes. Simplified models can
be established, and the engineering and computational effort for the
coupled analysis can be reduced drastically. As a result, employing
simplified coupled-loads analysis, valuable information on repre-
sentative design loads can be efficiently provided at an early design
stage.

Generation of Equivalent Spacecraft Dynamic Systems
Equivalent spacecraft dynamic systems consist of a number

of single-degree-of-freedom (SDOF) models.1'2 The latter repre-
sent the effective characteristics of the dynamic eigenmodes of
the spacecraft structure with respect to the reaction forces at
the launcher spacecraft interface. The simplified models are ob-
tained from the dynamic characteristics of the spacecraft struc-
ture hardmounted at the launcher spacecraft interface, and are.
defined in terms of the eigenvalues and the associated modal mass
matrices.

The rigid-body contribution of the truncated eigenvectors must
be added to the spring-mass system as residual inertia properties.

The equivalent spring-mass system is defined by the following
set of parameters:
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FLIGHT LIMIT LOADS (FLL)
from Launcher User Manual
(e.g. ARIANE 4 UM)

ADAPTATION OFFLLTOS/C
PROJECT (S/C Project FLL):

e.g. multiplication with safety factors,
and redefinition of FLL to account
for flexible parts

LAUNCH VEHICLE (LAO
MATHEMATICAL MODEL

SPACECRAFT (S/C)
MATHEMATICAL MODEL

DESIGN OF SPACECRAFT
AND SPACECRAFT SUB-
SYSTEMS

(Project FLL times F. o. S.)

COUPLED ANALYSIS (C/A)
of launcher vehicle and spacecraft
mathematical model

LOAD COMPARISON

UPDATE OF DESIGN LOADS
ON BASIS OF C/A RESULTS
(where necessary)

IDENTIFICATION OF
DYNAMIC RESPONSE
EXCITATIONS AND DETAIL
DESIGN OF SPACECRAFT

Fig. 1 Schematic of common practice in spacecraft design.

axial model

launcher/spacecraft I/F

lateral model

I2—— knlllnijCes^res

launcher/spacecraft I/F

Fig. 2 Equivalent spring-mass systems for simplified axial and lateral
models.

1) For every eigenmode considered in the model:
eigenfrequency, ft
effective mass, m/
position of modal center of gravity, // (lateral models only)

2) residual mass (translational), mres
3) additionally for lateral models:

position of CoG of residual mass, /res
residual moment of inertia, 7res

Simplified equivalent spring-mass systems for respective axial
and lateral models are sketched in Fig. 2.

Dynamics of Structures with Excitation at the Base
The spacecraft structure is represented by a dynamic system with

N physical degrees of freedom partitioned into interface and inter-
nal degrees of freedom, denoted by the indices r and / respectively.
Since the launcher spacecraft interface is assumed statically deter-
minate, the interface degrees of freedom represent the rigid-body
degrees of freedom of the spacecraft structure.

Employing the partitioned stiffness and mass matrices K and M,
the equation of motion for the undamped spacecraft structure can
be written

M,,M,IU.

The modal transformation

results in

where

M EE

MEE = *
L = $£M$*

^££ = &T
E1

\ = [&R®E]\ (2)

o o

(rigid-body mass matrix)
(generalized mass matrix)

(matrix of modal participation factors)
E (generalized stiffness matrix)

The structural rigid-body mass matrix MRR in Eq. (3) has the fol-
lowing structure:

~mxx

0
0

0
Pr
rxy

-Pi

0
myy

0

Pr
ryx

0
pr

yz

0
0

mK

- H
Pr

zx

Pr
zy
o

0 * xy

0

pr
rxz
Pyz
0

(4)

where mss represents the rigid-body mass in the s direction, Pr
st

the first moment of mass in the s direction about the t axis (static
moment), and Ir

ss the mass moment of inertia about the s axis (second
moment).

The rigid-body mass matrix MRR is very helpful for checking the
total mass in a finite-element model in each of the three coordinate
directions. The mass center of gravity defined by the vector compo-
nents vX9 f v , and vz can be calculated with respect to the reference
point of the rigid-body vectors:

(5)
vz = Pxy/mxx = -Pyx/my

In general the reference point of the rigid-body vectors <&R is dif-
ferent from the origin of the coordinate system. To identify the
structural center of gravity the vx, i>y, vz vector locations need to be
added to the reference point of the rigid vectors.

Dynamic mass concepts are particularly useful when considering
the dynamic characteristics of a structure with an excitation at the
base. The dynamic mass contribution of the /th elastic eigenmode to
the rigid-body mass matrix MRR is given by the modal mass matrix

(6)

where

m/ =

is the generalized mass for the /th eigenmode, and
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is the matrix of modal participation factors for the /th eigenmode.
The contributions of the effective mass of all the fixed-free eigen-
modes tend to the rigid-mass matrix3 MRR. As a result the sum of
the effective dynamic mass for a large number of modes is of the
form of the rigid-mass matrix MRR :

2>™ = £:
= MKR (7)

However, the dynamic mass contribution of each eigenmode does
not essentially comply with such a form, and indeed the /th modal
mass contribution to the rigid-mass matrix has the general form

X X X I X X X '
X X I X X X

X I X X X

in
I x x x
I x x
I x.

(8)

Physically the form of the matrix in Eq. (8) expresses the fact
that reaction forces at the interface arise in all six directions from
a modal response of eigenvectors with arbitrary shape. Therefore
in principle the representation of a modal coordinate with a single
physical degree of freedom is not possible on account of the /th
modal mass contribution in Eq. (8). Only if the /th modal mass
contribution is of the form

rx o o
X 0

X
MRR =

I o x x-
X 0 X
X X 0

_ _ __ I _ ;_ _

\ X X X
s y m \ XX

I X.

(9)

will a shift to the center of gravity and transformation to the principle
inertia axes result in the identification of one physical coordinate to
represent the modal coordinate.

In practice, although Eq. (8) is fully populated, modal mass con-
tributions are often dominant only along one or two axes. Such an
effect is easily identified by the magnitude of the diagonal terms.
As a result, SDOF physical models, axial or lateral, can represent
the /th modal mass contribution in Eq. (8). In the most general case,
where there are significant reaction forces in all six interface degrees
of freedom, a number of SDOF physical models are employed to
represent the contributions in the various directions.

An application example for a complex spacecraft mathematical
model is presented in detail later in the paper. It is noted that for
a few modes two SDOF physical models are required to represent
one modal coordinate—for example, mode 6 in Table 2 for the
CLUSTER stack configuration.

Determination of the Dynamic Parameter for the SDOF
Spring-Mass System

The selection of representative eigenmodes for the equivalent
spring-mass model depends on:

1) The percentage of structural mass (e.g., rigid-body mass) that
is represented by the main eigenmodes.

2) The maximum number of SDOF models that is specified by
the launcher authority requirements for each load case.

Simplified Model Representation for Lateral Loads
The following parameters need to be defined for each eigenmode

/ that is represented in the equivalent spring-mass system:
1) Eigenfrequency //.
2) Effective mass meff,/.
3) Position of modal mass center of gravity, //.

The contribution of the truncated eigenmodes to the spring-mass
system, identified by residual terms of translational and rotational
inertia masses, is determined by the following parameters:

1) Residual translational mass mres.
2) Residual moment of inertia 7res.
3) Position of center of gravity, /res, for residual mass mres.

For the calculation of the parameters the effective mass matrix MRRj
of the /th eigenmode needs to be evaluated:

1) Effective mass as the diagonal element in the lateral s direction,

2) Position of the modal center of gravity,

ks = Pst/mss, litt = -Pts/mtt

Ideally//,, =/,,,.
The residual mass is the structural mass represented by the trun-

cated eigenmodes, i.e., the difference between the rigid-body mass
and the sum of all effective masses associated to the n eigenmodes
included in the equivalent spring-mass system:

mres = mn (10)

It is essential that the equivalent spring-mass system have the same
static moment about the base point as the represented structure to
comply with the static balance requirement. For static moment equi-
librium the residual mass mres is positioned at a distance /res from
the base point:

(ID/res = ——— I mJcoG ~ Y^eff,/// )
mres V M J

where /COG is the distance of the structural center of gravity from the
base point.

It is essential that the moments of inertia of all masses of the
spring-mass system be equal to the moment of inertia of the repre-
sented 3D structure. Then the residual moment of inertia 7res can be
computed from

/res = ~ (12)

where 7base is the moment of inertia of the 3D finite-element model
about the base point. //
Simplified Model Representation for Axial Loads

The simplified dynamic model in the axial direction is established
similarly to the lateral model representation. The following param-
eters need to be defined for each eigenmode / that is represented in
the equivalent spring-mass system:

1) Eigenfrequency //.
2) Effective mass meff>/ .

The effective mass meff,, for the /th eigenmode is extracted from
the diagonal element in the axial s direction of the effective-mass
matrix MRR^:

The contribution of the truncated eigenmodes to the spring-mass
system in the axial direction is determined in terms of the total axial
mass and all effective modal masses of the n eigenmodes that are
included in the equivalent spring-mass system, as in Eq. (10).

Combination of Adjacent Eigenmodes
The maximum number of SDOF models in an equivalent spring-

mass system can be greatly limited by launcher-authority require-
ments, e.g., 10 eigenmodes for a preliminary coupled analysis with
the Ariane launcher. As a result, when establishing an equivalent
dynamic system for a spacecraft structure, the problem arises of se-
lecting 10 modes from a large set of eigenmodes for the equivalent
spring-mass system that is provided to the launcher authority.
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In order to increase modal representation in a limited number
of SDOF models, a combination of adjacent eigenmodes can be
performed. Adjacent eigenmodes are defined as those that are very
close in frequency (within about 1 Hz) and that have effective masses
associated with the same degree of freedom. The method described
hereafter was established by engineering judgement, and is not based
on rigorous mathematics. However, the application of this method
is useful for models employed in simplified coupled analysis as
presented for the 4 CLUSTER spacecraft stack configuration.

When combining two eigenmodes into one single reduced eigen-
mode with respect to the base force effect, parameters describing
SDOF models in the equivalent spring-mass system are redefined
by summation and averaging:

1) Combined eigenfrequency:

/c = fi + ~n

A/ = fM - ^

2) Combined effective mass:

3) Combined effective length (modal center of gravity):

/ /=/ ;+ m/+1—A/

Al = i

where

f i , fi+i = lower and upper eigenfrequency of eigenmodes
to be combined,

m/, m/+i = effective masses associated with the eigenmodes
of eigenfrequencies ft and fi+i, respectively

/ / , //+i = positions of modal centers of gravity

Application Example: 4 CLUSTER Spacecraft Stack
The 4 CLUSTER spacecraft stack configuration is presented as

an application example for simplified dynamic representation and
preliminary coupled dynamic analysis. The procedure established
for generating equivalent spring-mass systems is employed for a
complex spacecraft mathematical model and is fully validated by a
transient-response analysis employing the 3D structural model.

The finite-element model of the 4 CLUSTER spacecraft stack
configuration is presented in Fig. 3. The lateral directions are des-
cribed by the x and y coordinates, and the longitudinal direction
by the z coordinate. The main characteristics of the 4 CLUSTER
spacecraft stack with respect to its mass and geometrical properties
are given in Table 1.

Table 1 Main characteristics of the four
CLUSTER stack configuration

Total mass:
/iitot =4,131.0 kg

Position of center of gravity:
*COG = 0.000 m
JCOG = 0.000 m
ZCOG = 1.970m

Static moments (base):
Sy = 8,138.1 kg-m
5* = 8,138.1 kg-m

Mass moments of inertia (CoG):
7^= 7,051.3 kg-m2

lyy = 7,051.3 kg-m2

/«= 3,838.0 kg-m2

Mass moments of inertia (base):
l'xx = 23,078.3 kg-m2

Iyy = 23,078.3 kg-m2

4 =3,838.0 kg-m2

Fig. 3 Finite-element model of 4 CLUSTER spacecraft stack configu-
ration.

Selection of Representative Eigenmodes
In the first analysis step the eigenfrequencies and eigenvectors of

the 4 CLUSTER spacecraft stack were determined employing the
3D structural mathematical model. The effective modal masses of
the main diagonal of the modal mass matrix (three translational and
three rotational) are listed in Table 2. Inspecting the translational
effective masses, indicated by mx, my and mz, the eigenmodes with
predominant deformations either in the lateral x and y directions
or in the longitudinal z direction are identified. The magnitude of
the effective modal mass is employed to identify the importance of
the modes and the coordinate direction. Significant effective modal
masses have been boldfaced in Table 2.

In Table 2 the predominant direction of the eigenmodes of the 4
CLUSTER spacecraft stack configuration is classified by

A for longitudinal (axial) direction
Lx for lateral x direction
Ly for lateral y direction
T for torsional eigenmodes about the longitudinal z axis

As can be seen from the diagonal terms of the translational ef-
fective masses, many eigenmodes of the 4 CLUSTER spacecraft
stack configuration show high coupling between one lateral and the
longitudinal direction. These eigenmodes are indicated by a classi-
fication code, A for axial and L* or L,y for lateral. In such cases the
eigenmodes are selected for both longitudinal and lateral equivalent
spring-mass systems.

Significant effective-mass moments of inertia Ix and Iy are associ-
ated with eigenmodes with predominant deformations in the lateral
y and x directions, respectively. However, the rotational effective-
mass terms Ixi and Iyi of the /th elastic eigenmode are not employed
for the determination of lateral SDOF spring-mass systems, as ex-
plained later when describing the derivation of the position of the
modal center of gravity.

The torsional eigenmodes about the longitudinal z axis can be
identified by high effective-mass moments of inertia Iz. In simplified
coupled analyses for payloads launched by the Ariane launcher the
torsional spacecraft eigenmodes are generally not excited by flight
events and are neglected in the coupled analysis.

The eigenmodes selected for the longitudinal and the lateral di-
rections are presented in Table 3.

Determination of the Center of Gravity for Effective
Modal Masses

The equivalent spring-mass system model parameters to be used
for the simplified longitudinal coupled analysis can be evaluated
from the information presented in Table 2. It can be determined
from Table 4 that the offset of the axial mass given by the effective
lengths vxy and vyx is negligible. However, for the lateral equivalent
spring-mass system the position of the effective modal mass, i.e.,
the distance of the effective mass from the interface plane between
spacecraft and launch vehicle, needs to be determined. The effective
length identifies the contribution of the inertia forces of the effective
modal mass to the bending moment about the interface point. As a
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Table 2 4 CLUSTER spacecraft stack configuration: eigenfrequencies and modal effective masses

Modal effective masses

Translational masses, kg

Mode

1
2
3
4
5
6
7
8
9

10
11
12
13
14
15
16
17
18
19
20
21
22
23
24
25
26
27
28
29
30
31
32
33
34
35
36
37
38
39
40
41
42
43
44
45
46
47
48
49
50
51
52
53
54
55
56
57
58
59
60

99
100

Ly

Lx
T
A
L>
L*,A
L>-
LJC, A
Ly

A
L*,A

A
LyL*,A
Lx
Ly

Lx
Ly

Ly

Ly

Lx
A

A

T

T
Ly

Lx

Ly

Lx

Lx
Ly

A

/,Hz

12.89
12.89
24.90
33.30
33.65
33.84
36.65
36.81
36.95
37.04
37.16
37.40
39.57
39.88
40.32
41.37
41.68
42.77
43.20
43.38
43.85
47.49
48.02
52.00
54.87
55.07
55.29
55.48
55.80
55.84
56.65
57.11
58.07
61.28
67.43
70.49
71.44
71.94
72.26
73.45
73.86
74.08
74.97
76.09
80.34
81.18
82.84
83.54
86.71
87.31
87.94
88.05
91.90
92.62
93.59
96.82
97.72
98.32
99.35

101.62

162.26
163.68

Sum of effective masses:

mx

611.3
1,755.5

0.1
13.9
91.9

343.0
10.6
45.4
11.7
0.1

53.0
19.3
4.3

10.9
37.5
40.6
11.6
18.5
5.8
4.9
1.4
3.8
1.8
0.0

10.7
109.6
373.9
47.9
4.6
0.9
0.1
0.1
0.4
0.1
0.0
0.2

32.9
50.8
5.5

23.5
39.7
0.0
0.0
0.0

15.8
2.4

81.7
2.6
0.0

85.3
15.0
0.7
0.0
0.9
0.1

11.0
3.0
0.0
0.0
2.5

0.0
0.0

4,060.8

my

1,754.8
611.7

0.1
11.7

343.8
84.6
70.0
5.3

44.5
2.5

12.0
5.0
2.2

38.6
9.0

10.1
50.1
4.9

25.0
1.2
6.0
1.0

11.2
0.2

24.1
371.3

91.4
10.5
28.1
13.7
0.2
0.1
0.5
0.2
0.0
0.2

69.5
29.9

1.8
42.8
21.3
0.0
0.0
1.7
0.5

17.5
2.7

69.0
0.0

13.9
78.5
6.4
0.0
0.0
2.5
1.6

16.9
0.1
0.0
0.6

0.0
0.1

4,061.2

mz

0.0
0.0
0.0

2,305.0
9.8

127.0
1.5

66.3
1.4

69.6
22.5
18.2

600.0
1.4

51.5
0.1
0.0
0.0
0.0
0.0
0.0
0.0
0.0
0.0
0.0
0.8
0.6

21.3
4.7
3.8

19.2
0.4
0.1
0.0
0.0
0.0
0.0
0.0
0.1
0.0
0.0
0.0
0.1
0.0
0.1
0.1
0.1
0.0
2.1
0.0
0.3
1.8

400.7
0.0
0.0
0.3
0.9

12.3
0.4
0.0

0.0
0.0

3,916.6

Rotational masses, kg-m2

h
16,443.0
5,729.6

0.1
7.7

260.9
62.7
26.5

1.3
2.4
1.1
2.8
0.1
3.7

121.8
30.2

1.3
11.6
0.7
4.1
0.0
0.1
3.9

19.7
0.0

11.0
161.8
40.2
4.4

12.2
5.9
0.2
0.0
0.1
0.0
0.0
0.1
9.5
4.1
0.3
3.1
1.7
0.1
0.0
3.8
0.1
3.5
0.3
9.7
0.0
0.6
3.2
1.0
0.0
0.0
3.1
0.9
5.4
0.2
0.2
1.4

0.0
0.0

23,041.0

h
5,729.0

16,444.6
0.1
9.1

69.6
253.8

4.3
15.2

1.3
1.3

10.9
0.4
6.6

32.1
121.3

5.6
2.8
2.6
1.0
0.0
0.0

18.2
4.5
0.0
5.0

47.1
161.9
20.7
2.0
0.4
0.0
0.0
0.0
0.0
0.0
0.1
4.5
7.0
1.2
1.9
3.8
0.0
2.0
0.1
3.2
0.4

11.2
0.4
0.1
3.6
0.8
0.0
0.0
1.9
0.1
4.3
0.9
0.2
0.1
6.3

0.0
0.0

23,042.0

/z

0.0
0.0

3,110.4
0.0
1.0
0.1
0.0
0.0
0.0
0.0
0.0
0.0
0.0
0.3
0.1
0.0
0.0
0.0
0.0
0.0
0.0
0.0
0.1

223.1
13.0
0.0
0.0
0.0
0.1
2.5
1.2
4.1

204.1
3.8

67.0
125.4

0.4
0.0
0.0
0.3
0.1
0.0
0.0
0.0
0.0
0.0
0.0
0.0
0.0
0.0
0.1
0.0
0.0
0.1
0.0
0.3
0.0
0.0
0.0
0.0

3.6
5.6

3,776.6
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Table 3 Equivalent spring-mass systems of 4 CLUSTER stack configuration

Mode

1
2
3
4
5
6
7
8
9

10
11
12

/,Hz

12.89
33.84
36.81
37.16
40.32
41.37
42.77
55.29
71.94
73.86
82.84

Lateral x

"leff./.kg

1,755.5
343.0
45.4
53.0
37.5
40.6
18.5

373.9
50.8
39.7
81.7

/i , m

3.061
0.861
0.542
0.467

-1.813
0.364
0.373
0.660
0.370
0.297
0.353

/,Hz
12.89
33.65
36.65
36.95
39.88
41.68
43.20
54.87
55.07
71.44
73.45
83.54

Lateral y

meff.i,kg

1,754.8
343.8
70.0
44.5
38.6
50.1
25.0
24.1

371.3
69.5
42.8
69.0

Longitudinal z

// , m

3.061
0.871
0.626
0.283

-1.746
0.486
0.408
0.680
0.658
0.370
0.277
0.390

/,Hz

33.30
33.84
36.81
37.04
37.16
39.57
40.32
55.48
56.65
91.90

meff./ .kg

2,305.0
127.0
66.3
69.6
22.5

600.0
51.5
21.3
19.2

400.7

Table 4 Position of modal center of gravity for 4 CLUSTER spacecraft stack configuration

Mode

Effective length, m

/,Hz Pxy
V*X = JCT

12.89
12.89

-0.001
0.000

-0.002
0.000

3.061
3.061

3.061
3.061

3.061
3.061

33.65
33.84
36.65
36.81
36.95

-0.054
0.041
0.011

-0.009
0.006

-0.105
-0.020
0.029
0.003
0.011

0.870
0.860
0.636
0.578
0.332

0.871
0.861
0.616
0.505
0.234

0.871
0.861
0.626
0.542
0.283

11 37.16 -0.004 0.002 0.454 0.480 0.467

14
15
16
17
18
19

L,
Lx
L

39.88
40.32
41.37
41.68
42.77
43.20

0.094
-0.082
-0.025
0.009

-0.063
-0.003

0.177
0.040
0.012
0.019
0.033

-0.006

-1.715
-1.799
0.372
0.492
0.378
0.409

-1.777
-1.827
0.357
0.481
0.368
0.407

-1.746
-1.813
0.364
0.486
0.373
0.408

25
26
27

54.87
55.07
55.29

0.734
0.008
0.021

1.103
0.014

-0.010

0.683
0.656
0.658

0.676
0.660
0.663

0.680
0.658
0.660

37
38

71.44
71.94

-0.075
0.018

-0.109
-0.014

0.371
0.370

0.369
0.370

0.370
0.370

40
41

73.45
73.86

-0.085
0.053

-0.115
-0.039

0.285
0.308

0.268
0.285

0.277
0.297

47
48

82.84
83.54

0.035
0.021

-0.006
-0.111

0.371
0.406

0.336
0.375

0.353
0.390

result the position of the modal center of gravity is important for
identifying the sign of the rotation, i.e., a positive effective length
indicates a clockwise rotation, and a negative length an anticlock-
wise rotation. The terms Ixi and Iyi of the ith elastic eigenmode,
which are in general related to the translational effective mass meff,/
and the position of the modal center of gravity (effective length //)
by the equation

are unsuited for this purpose. Therefore the static moment of each
effective mass has been employed to determine the sign of the ef-
fective length // :

Sx(y)i = /Weff.i/i

By inspecting Table 4 with respect to the effective lengths vzx and
vzy, since the z axis is the longitudinal axis for the CLUSTER stack
configuration as indicated in Fig. 3, it can be seen that the two values
do not precisely match for higher lateral modes. Therefore, a mean
value for the effective length // of the /th eigenmode, / > 2, was
calculated from v7X and v7V:

/. =

The effective lengths calculated for all lateral eigenmodes in this
way can be found by considering the data presented in Tables 2
and 4.
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Combination of Adjacent Modes
In Table 3 are presented the eigenmodes of the 4 CLUSTER

spacecraft stack configuration that were selected for the equivalent
spring-mass systems in the lateral and longitudinal directions. The
maximum number of SDOF models for each A, Lx, and Ly equiva-
lent spring-mass system is limited to 10 for the preliminary Ariane
launcher coupled analysis.

For the longitudinal direction this requirement is adequately cov-
ered by selecting the 10 main axial eigenmodes. However, in both
lateral directions more than 10 representative eigenmodes are sig-
nificant and need to be represented. In order to increase the modal
representation in a limited number of SDOF models, close eigen-
modes were combined as described above.

For the lateral x direction eigenmodes 6 and 7 were combined to
the reduced eigenmode 6*:

41.81 Hz
= { 59.1kg

0.367 m

For the lateral y direction eigenmodes 6 and 7 were combined to
the reduced eigenmode 6*:

Residual Inertia Terms
The residual inertia terms correspond to the reactions, at the base,

of the truncated dynamic modes. As described earlier, the residual
inertia terms are considered in the equivalent spring-mass system
according to their rigid-body contribution.

For the lateral load case the residual mass, the residual inertia
(located at the base), and the position of the center of gravity of the
residual mass from the base need to be determined.

1) Residual mass:
10

Wres = Wrr — / j Weff,/
i=l

Employing the values in Table 5 for the effective masses results in:

mres,, = 4131.0 - 2839.6 = 1291.4 kg

m^y = 4131.0 - 2903.5 = 1227.5 kg

2) Position of the residual center of gravity:

1
ttrr/CoG ~ / ^ /

/•*
/6
ml

42.19 Hz
= { 75.1kg

0.460 m
Employing the values in Table 5 for the static moment of each
effective mass with respect to the base and noticing that the term
mrrlcoG equals the static moment Sx or Sy in Table 1 results in

and eigenmodes 8 and 9 to the reduced eigenmode 7*:

55.06 Hz
= { 395.4kg

0.659 m /res,>' ~

8138.1-5978.2
1291.4

8138.1-6019.4
1227.5

= 1.673m

= 1.641m

Table 5 Equivalent spring-mass systems of four CLUSTER stack configuration provided to
launcher authority

Mode

1
2
3
4
5
6
7
8
9

10
Total
^res
Sres
/res
/res

Mode

1
2
3
4
5
6
7
8
9

10

Total
mres
\es
/res
/res

/,Hz

12.89
33.84
36.81
37.16
40.32
41.81
55.29
71.94
73.86
82.84

/,Hz

12.89
33.65
36.65
36.95
39.88
42.19
55.06
71.44
73.45
83.54

weff,/,kg

1,755.5
343.0
45.4
53.0
37.5
59.1

373.9
50.8
39.7
81.7

2,839.6
1,291.4

weff,/,kg

1,754.8
343.8
70.0
44.5
38.6
75.1

395.4
69.5
42.8
69.0

2,903.6
1,227.5

Lateral x

/,-, m

3.061
0.861
0.542
0.467

-1.813
0.367
0.660
0.370
0.297
0.353

1.673

Lateral y

/ / ,m

3.061
0.871
0.626
0.283

-1.746
0.460
0.659
0.370
0.277
0.390

1.641

S,/,kg-m

5,373.6
295.3

24.6
24.8

-68.0
21.7

246.8
18.8.
11.8
28.8

5,978.2

2,159.9

/y/,kg-m2

16,448.5
254.3

13.3
11.6

123.3
8.0

162.9
6.9
3.5

10.2

17,042.5

2,421.3
Longitudinal z

Sxi,kg-m

5,371.4
299.4
43.8
12.6

-67.4
34.5

260.6
25.7
11.9
26.9

6,019.4

2,118.7

/,/,kg-m2

16,442.0
260.8
27.4
3.6

117.7
15.9

171.7
9.5
3.3

10.5

17,062.4

2,711.9

/,Hz

33.30
33.84
36.81
37.04
37.16
39.57
40.32
55.48
56.65
91.90

meff,,kg

2,305.0
127.0
6.6.3
69.6
22.5

600.0
51.5
21.3
19.2

400.7

3,683.1
447.9
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3) Residual moment of inertia:

/res = /base — / v

Employing the values in Table 5 for the mass moment of inertia of
each effective mass and the residual mass with respect to the base,
and noticing further that /base equals the value of l'xx or l'yy in Table 1,
we have

J^* = 23078.3 - 17042.5 - 1291.4 x 1.6732 = 2421.3 kg-m2

/res.y = 23078.3 - 17062.4 - 1227.5 x 1.6412 = 2711.9 kg-m2

For the axial simplified model representation only the residual mass
is required:

wres = mrr -

Employing the values in Table 5 for the effective masses in the
longitudinal direction results in

mreS)Z = 4131.0 - 3683.1 = 447.9 kg

The reduced model for the simplified dynamic representation is
presented in Table 5 including all residual inertia terms.

Validation of the Equivalent Spacecraft
Dynamic Systems

The equivalent spring-mass systems of the 4 CLUSTER space-
craft stack configuration were provided to the launcher authority for
employment in a coupled analysis with the dynamic model of the
Ariane launcher. The results of the coupled analysis were provided
in terms of accelerations and forces and/or moments at the inter-
face between the launcher and the spacecraft for the following load
cases:

1) Maximum dynamic pressure (MDP):
Lateral and rotational accelerations
Lateral shear forces and bending moments

2) End of flight (EOF):
Longitudinal accelerations
Normal forces in longitudinal direction

The interface forces and moments computed in the launcher space-
craft coupled analysis employing the 3D simplified dynamic models
of the CLUSTER stack configuration are presented in Figs. 4 and 5.
Peak values of interface reactions are identified in the plots to facil-
itate data comparison.

The interface accelerations provided by the launcher authority
were employed to perform a transient-response analysis with the
3D structural model of the CLUSTER stack configuration excited
at the base. Essentially this is the final step in the preliminary cou-
pled analysis procedure to derive dynamic response and loads in
the spacecraft.

The quality of the equivalent spring-mass system, i.e., the repre-
sentation of the dynamic characteristics of the 3D structural model
by the simplified model, was checked by comparing the reaction
forces of the 3D structural model of the CLUSTER stack configu-
ration with those of the equivalent spring-mass system for the cou-
pled analysis. Ideally the base reactions of the simplified model will
match the corresponding reactions of the 3D model for spacecraft
excitation with the coupled analysis interface accelerations.

In Figs. 6 and 7 the interface forces and moments calculated with
the 3D structural model of the 4 CLUSTER spacecraft stack config-
uration are graphically presented and their peak values identified.
Comparing these curves with those in Figs. 4 and 5, the shape of the
curves and the peak values match very well. Differences are iden-
tified in the calculation of the base bending moment. These might
arise from the limited number of modes and from inaccuracies in the
determination of effective lengths for the equivalent lateral spring-
mass system.

v

0.0 0.2 0.4 0.6 0.8 1.0 1.2 1.4 1.6 1.8 2.0

a) Base shear force

0.0 0.2 0.4 0.6 0.8 1.0 1.2 1.4 1.6 1.8 2.0

Fig. 4 Stack configuration of 4 CLUSTER spacecraft: interface reac-
tions for load case MDPX (output of Arianespace coupled-loads analysis
employing the simplified models).
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b) Base normal force (EOF2)

Fig. 5 Stack configuration of 4 CLUSTER spacecraft: interface reac-
tions for load cases EOF1 and EOF2 (output of Arianespace coupled-
loads analysis employing the simplified models).
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b) Base bending moment

Fig. 6 Stack configuration of 4 CLUSTER spacecraft: interface reactions for load case MDPX (output of transient-response analysis employing the
3D structural model).

0.0 0.2 0.4 0.6 0.8 1.0 1.2 1.4 1.6 1.8 2.0

a) Base normal force (EOF1)
0.0 0.2 0.4 0.6 0.8 1.0 1.2 1.4 1.6 1.8 2.0

b) Base normal force (EOF2)

Fig. 7 Stack configuration of 4 CLUSTER spacecraft: interface reactions for loadcases EOF1 and EOF2 (output of transient-response analysis
employing the 3D structural model).

Conclusions
The generation of simplified equivalent spacecraft dynamic sys-

tems is based upon the assumption that the form of the modal mass
matrices complies with the form of the structural rigid-body mass
matrix. However, this is not the case in practice for spacecraft design
applications. As a result, in principle the representation of a modal
coordinate with a single physical degree of freedom is not possible.
However, since in practice the modal mass contribution is dominant
only along one or two axes, the modal mass of each mode is often
adequately represented with a SDOF axial or lateral physical model.
In the most general case where significant reaction forces are present
in all six interface degrees of freedom, a number of SDOF physi-
cal models can be employed to represent the contributions in the
various directions. In the case that the maximum number of SDOF
models for the equivalent spring-mass system is limited by launcher-
authority requirements, adjacent eigenmodes can be combined to a
single reduced eigenmode representation by summation and aver-
aging. In this way the modal data contained in the simplified models
can be increased. The application of the method to the generation of

the equivalent spacecraft dynamic sytems for the CLUSTER sim-
plified coupled analysis produced accurate results of high practical
importance.

The simplified dynamic model produces equivalent dynamic re-
sponses with respect to the time history of launcher spacecraft inter-
face loads, e.g., shape and magnitude. The quality of the simplified
dynamic representation is considered particularly useful for updat-
ing the spacecraft design loads defined in launcher users' manuals,
and to obtain at an early stage the preliminary dynamic response
and loads in the satellite.

References
^ada, B. K., Bamford, R., and Garba, J. A., "Equivalent Spring-Mass

System: A Physical Interpretation," The Shock and Vibration Bulletin, Vol.
42, Jan. 1972, pp. 215-225.

2Imbert, J. R, "Analyse des Structures par Elements Finis," Cepadues-
Editions, Toulouse, 1980, pp. 426-438.

3Stavrinidis, C., "Dynamic Synthesis and Evaluation of Spacecraft Struc-
tures," ESA, Technical Report STR-208, March 1984.


